BEURLING-FOURIER ALGEBRAS, OPERATOR 
AMENABILITY AND ARENS REGULARITY 



HUN HEE LEE AND EBRAHIM SAMEI 

Abstract. We introduce the class of Beurling-Fourier algebras on lo- 
cally compact groups and show that they are non-commutative analogs 
of classical Beurling algebras. We obtain various results with regard 
to the operator amenability, operator weak amenability and Arens reg- 
ularity of Beurling-Fourier algebras on compact groups and show that 
they behave very similarly to the classical Beurling algebras of discrete 
groups. We then apply our results to study explicitly the Beurling- 
Fourier algebras on 5(7(2), the 2x2 unitary group. We demonstrate 
that how Beurling-Fourier algebras are closely connected to the amenabil- 
ity of the Fourier algebra of 5(7(2). Another major consequence of our 
results is that our investigation allows us to construct families of uni- 
tal infinite-dimensional closed Arens regular subalgebras of the Fourier 
algebra of certain products of 5(7(2). 



Beurling algebras play an important role in different areas of harmonic 
analysis. These are L 1 -algebras associated to locally compact groups when 
we put extra "weight" on the groups (see Section 11.2)) . The basic properties 
of these algebras are well-known since the works of Beurling [I], [2J, and 
Domar [8], for abelian groups, and Reiter [35J for the general case (see also 
0, [H], [22], [23], [21], and [37j). For example, it is shown in |8J that the 
Beurling algebra L 1 (G, w) is *-regular for G abelian if and only if the weight 
lv is symmetric and non-quasianalytic. Also various aspects of cohomologies 
and Arens regularities of Beurling algebras have been studied by several 
authors, most notably Gr0nbaek [22], [23], and Dales and Lau [7]. It is 
shown that L 1 (G,w) is amenable as a Banach algebra if and only if G is 
amenable as a locally compact group and {u(x)u(x^ 1 ) : x G G} is bounded 
|23j . This demonstrates that in most cases, the amenability of Beurling 
algebras forces the weight to be trivial. On the other hand, even though 
the group algebra ^ 1 (G) is not Arens regular when G is infinite, for a large 
classes of weights, it can happen that ^ 1 (G,a;) will be Arens regular [TJ. 

The aim of the present paper is to develop the corresponding "dual the- 
ory" for the classical Beurling algebras. That is, we consider the Fourier 
algebra A(G) of a locally compact group G, and the question of how could 
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we interpret Beurling algebras in this context and what would be their basic 
properties? In the language of Kac algebras [10] (or more generally locally 
compact quantum groups - see [30]), A(G) is interpreted as the dual ob- 
ject of L l (G) in the sense of generalized Pontryagin duality. In particular, 
when G is abelian, with dual group G, then A(G) = L l (G) via the Fourier 
transform. Thus for an abelian group G and a weight u on G, we define the 
Beurling- Fourier algebra A(G, oS) to be the Fourier transform of Beurling al- 
gebra L l (G,u) [35J Section 6.3]. In the general non-abelian setting though, 
G is not a group and so the extension of this idea is more delicate! 

In order to achieve our goal, we need to focus on the somewhat non- 
standard interpretation of the weight to. Consider the co- multiplication 

r : L°°{G) ->■ L°°{G xG),/4 Tf, 

where 

Tf(s,t) = f(st). 

This r can be easily extended to unbounded Borel measurable functions on 
G using the same formula. Now let u : G — > (0, oo) be a continuous function. 
Then the submutiplicativity of u (i.e. uj being a weight) is clearly equivalent 
to the condition 

(0.1) r(w)(fj _1 &0J- 1 ) < 1. 

Now let VN{G) be the group von Neumann algebra of G, and let V be 
the usual co- multiplication on VN(G) defined by 

(0.2) T : VN(G) -> VN(G x G), A(s) H- A(s) ® \(s), 

where A is the left regular representation of G. In Section 12.11 we consider 
a dual version of weight functions satisfying a dual version of (10. ip . which 
requires an extension of the *-isomorphism T in fl0.2f) for certain unbounded 
operators. For a fixed representation VN(G) C B(H), we define a weight 
on the dual of G to be a "suitable" densely defined (possibly unbounded) 
operator W acting on H which is affiliated to VN(G) (Definition 12. 4p . To 
simplify our computation, we make a further assumption that W has a 
bounded inverse W~ l G VN(G). One major condition that W has to satisfy 
is the corresponding dual version of fjO. 1 p : 

nw^w- 1 <i VN{GxG) . 

We show that this is the natural extension of a weight on duals of non-abelian 
groups. Furthermore, (see Definition 12. 6p . we define 

VN(G, W- 1 ) := {AW : A e VN(G)} 

and equip VN(G, W^ 1 ) with an operator space structure induced by the 
natural linear isomorphism 

$ : VN(G) -> VN(G, W" 1 ), A ^ AW. 
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We will denote the predual of VN(G, W~ l ) by A(G, W) and show that it is 
a completely contractive Banach algebra. We call A(G, W) the Beurling- 
Fourier algebras on G. 

In the reminder of Section O we show that our approach allows us to 
construct various classes of weights on duals of not necessary abelian groups, 
namely compact groups and Heisenberg groups. In Sections l2.2( we compute 
certain central weights on duals of compact groups. By central weights, 
we mean those weights that roughly speaking commute with elements of 
VN{G) (Definition 12. 4p . We show that these central weight on G, the dual 
of a compact group G, are of the form 

(0.3) W = Q U (ir)l Mdr , 

where ui : G — > (5, oo), for some 5 > 0, is a function satisfying (12.12p . In this 
case, we write A(G,oj) instead of A(G, W). When G is abelian, the relation 
(I2.12p is exactly the sub multiplicity of oj. However we also construct central 
weights on duals of non-abelian compact groups using (I2.12j) (see Example 
I2.15P . One family of weights which are of particular interest to us is (a > 0) , 

(0.4) w a (7r) = d£ (ttGG). 

We also characterize certain forms of central weights on duals of Heisenberg 
groups in terms of weights on their center (Section 12.31 and Definition 12. 18|) . 

Section[3]is devoted to study operator amenability, operator weak amenabil- 
ity, and Arens regularity of the Beurling-Fourier algebra A(G, u) when G 
is compact and W is the central weight (|0.3p . In Section [3.2| we first com- 
pute the operator amenability constant of A(G,uj) for G finite and use it 
to characterize the operator amenability of A(G,uj) when G is an arbitrary 
product of finite groups and u is the corresponding weight associated to this 
product. By applying this result to products of S3, the permutation group 
on {1,2,3}, we construct Beurling-Fourier algebra with arbitrary operator 
amenability constant. This is in contrast to the Fourier algebra of compact 
group since the operator amenability constant is always 1 [36]. We then 
change our focus and show that for a compact group G, A(G,uj) fails to 
be operator amenable if f2(-7r) = cjj(tt)u}(tt) — > 00 whenever ir — > 00 in the 
discrete topology. This provides, for instance, central weights (such as the 
one defined in (10. 4h ) on compact connected semisimple Lie groups whose 
Beurling-Fourier algebras are not operator amenable. On some other di- 
rection, we show that A(G,uj) is always operator weakly amenable if G is 
totally disconnected (Section l3.3p . Finally in Section l3T4"l we present various 
classes of central weights whose Beurling-Fourier algebras are Arens regular 
or fails to be Arens regular. For instance, we show that A(G,ui a ) is Arens 
regular if G is a compact connected semi-simple Lie group and oj a is a weight 
satisfying (10. 4p . All of these results go parallel to the analogous results in 
[7], [22], and [23] for classical Beurling algebras. 
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In Section HI we apply the results of the preceding section to study explic- 
itly Beurling- Fourier algebras on SU(2). We present various classes weights 

on SU(2) and show the interesting fact that their Beurling- Fourier alge- 
bras behave vary similarly to the corresponding Beurling algebras on the 
Z = T, where we regard T as the maximal torus of SU(2). In Section [4.31 
we explain in details the intriguing connection between Beurling-Fourier al- 
gebras on SU(2) and the fundamental work of B. E. Johnson in |28j on 
non-amenability of the Fourier algebra A(G) for a compact connected non- 
abelian Lie group G. We should say that this was one of the major motiva- 
tions for us to do this project. 

The final Section 14,51 is perhaps the most surprising to us because there 
are no corresponding results in the classical Beurling algebras! We construct 
unital infinite-dimensional closed subalgebras of the Fourier algebra of cer- 
tain products of SU(2) which are Arens regular. We actually show that they 
are of the form A(SU (2) , u>2 n ) , where n G N and W2™ is the weight defined in 
(10, 4p . This is remarkable because this can not happen for the classical Beurl- 
ing algebras! There are unital infinite-dimensional Arens regular Beurling 
algebras but they can never be closed subalgebras of some group algebra. 
These connections are certainly worthwhile further investigations. 

In collaboration with M. Ghandehari, we have obtained further results 
concerning Beurling-Fourier algebras of Heiesenberg groups = C d x R 
(d G N) and nxn special unitary groups SU(n) which will appear in the sub- 
sequent article [20]. We would like to point out that J. Ludwig, N. Spronk, 
and L. Turowska in [31] have also considered and studied the properties of 
Beurling-Fourier algebras on compact groups. However they have mainly 
focued on the question of determining the spectrum of Beurling-Fourier al- 
gebras. Their investigation is parallel to ours and provides a very good 
complement to our paper. 

1. Preliminaries 

1.1. Fourier algebras. Let G be a locally compact group with a fixed left 
Haar measure. We denote the group algebra of G with L X (G). Given a 
function / on G the left and right translation of / by x G G is denoted by 
(L x f){y) = f(xy) and (R x f){y) = f(yx), respectively. Let P(G) be the set 
of all continuous positive definite functions on G and let B(G) be its linear 
span. The space B(G) can be identified with the dual of the group C*- 
algebra C*(G), this latter being the completion of L l {G) under its largest 
C*-norm. With the pointwise multiplication and the dual norm, B(G) is a 
commutative regular semisimple Banach algebra. The Fourier algebra A(G) 
is the closure of B(G) n C C (G) in B(G). It was shown in [11] that A{G) 
is a commutative regular semisimple Banach algebra whose carrier space 
is G. Also, if A is the left regular representation of G on L 2 (G) then, up 
to isomorphism, A(G) is the unique predual of VN(G), the von Neumann 
algebra generated by the representation A. 
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Let G be the collection of all equivalence classes of weakly continuous 
irreducible unitary representations of G into B(H n ) for some Hilbert space 
H n . G can be regarded as the dual of G. If G is abelain, the G is the set 
of continuous characters from G into T = {z G C | \z\ = 1} which forms a 
locally compact abelian group with compact-open topology. The well-known 
Fourier transform gives us the identification = A(G) isometrically as 

Banach algebras. 

If G is a compact group, then for all tt £ G, H n is finite-dimensional. 
We denote d n = dimi^, to be the matrix representation of B{H. K ), 
and use the convention that d n is the dimension of tt. If ir G G, we fix an 
orthonormal basis {£J , . . . , £J } f° r H-k an d define 

(1.1) TTij-.G^C , 7Ttf(a) = (tt( S )CJ I £f) 
for i,j = l... d n . We recall the well-known fact that 

(1.2) T(G) = span{7r i: ,- : tt G G, i, j = 1, . . . , d n } 

is uniformly dense in C(G), the space of continuous functions on G. The 
Fourier transform on L l (G) is the one-to-one *-linear mapping T defined by 

oo 

(1.3) T : L\G) -»■ 0M 4 , / ^ (/(7r)) w6 g, 

where /(vr) = / f(t)w(t)dt G and W is the conjugate representation of 
Jg 

tt. Moreover, 

(1.4) HUG)) = {Q)A 7T :A 7T £M d „,FcGi S finite}. 

ireF 

Note that if A = 0„. eF A w with F C G finite, then 

(1.5) /(z) = J- 1 ^)^) = Y. d ° tT (AMx)), xeG. 

TTgF 

Also if we regard L (G) as convolution operators on L 2 (G), then L X (G) is 
a subalgebra of VN{G) and J 7 induces an *-isomorphism 

oo 

(1.6) F:VN(G)^Q)M dn . 

Note that the above direct sums over G assume the repetition of the same 
component ti ff -times for tt G G. It follows from the preceding identification 
that 

A(G) = {/ G C{G) : ||/|U (G) = Y, d -Wf^)h < oo}, 

ireG 

where || ■ ||i is the trace-class norm on M dw . See |25|, sections 27 and 34] for 
complete details. 
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1.2. Beurling algebras. Let G be a locally compact group. A weight on 
G is a continuous function co : G — > (0, oo) such that 

w(st) < u(s)u)(t) (s,teG). 

Sometimes we allow a weight u just to be measurable and locally finite 
(i.e. bounded on every compact subset of G), but it is known that f [35| 
Theorem 3.7.5]) for every measurable weight oj there is a continuous weight 
oj' equivalent to oj. 

For a (continuous) weight w we define weighted spaces 

L l {G,u) := {/ Borel measurable : \\f\\ L i( GjU ) = \\uf\\ L i(G) < °°} 

and 

L°°(G) 

which are isometric to L^iG) and L°°(G), respectively. Moreover, L°°(G, ^) 
is the dual of L 1 (G,a;) with the duality bracket 

(f,9)= [ f(x)g(x)d»(x), f €L\G,u), g£L°°(G,-), 
Jg w 

where /i is the left Haar measure on G. 

For discrete G we denote L l (G, oj) by £ l (G, oj). With the convolution 
multiplication L 1 (G,uj) becomes a Banach algebra (due to the mutiplicativ- 
ity of the weight), and the algebras L 1 (G, w) are called the Beurling algebras 
on G. For more details see [3 Chapter 7]. 

1.3. Operator spaces. We will now briefly remind the reader about the 
basic properties of operator spaces. We refer the reader to [9] for further 
details concerning the notions presented below. 

Let T~L be a Hilbert space. Then there is a natural identification between 
the space M n {B(H)) of n x n matrices with entries in B(T~L) and the space 
B(H n ). This allows us to define a sequence of norms {||-|| n } on the spaces 
{M n (B(T-C))}. If V is any subspace of B(T~l), then the spaces M n (V) also 
inherit the above norm. A subspace V C B(H) together with the family 
{||-|| n } of norms on {M n (V)} is called a concrete operator space. This leads 
us to the following abstract definition of an operator space: 

Definition 1.1. An operator space is a vector space V together with a 
family {||-|L} of Banach space norms on M n (V) such that for each A £ 
M n {V),B e M m (V) and [ay], [&y] G M n (C) 

= max{||A|| n ,|| J B|| m } 

n+m 

«) IIM^[ML<IIMIIPIInllNII 



i / 

L°°(G, — ) := {/ Borel measurable : ||/||x,oo(g l) = — 
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Let V, W be operator space, tp : V — > W be linear. Then 

IML = sup{||(/? n ||} 

n 

where <p n : M n (V) — > M n (W) is given by 

Vndvij)) = [p{vtj)\. 

We say that <p is completely bounded if \\<p\\ cb < oo; is completely con- 
tractive if 1 1 y | L>, < 1 and is a complete isometry if each <p n is an isometry. 

Given two operator spaces V and W, we let CB(V, W) denote the space 
of all completely bounded maps from V to W . Then CB(V, W) becomes a 
Banach space with respect to the norm \\-\\ cb and is in fact an operator space 
via the identification M n (CB(V, W)) S CB(V, M n {W)). 

It is well-known that every Banach space can be given an operator space 
structure, though not necessarily in a unique way. It is also clear that any 
subspace of an operator space is also an operator space with respect to 
the inherited norms. Moreover, for duals and preduals of operator spaces, 
there are canonical operator space structures. As such the predual of a von 
Neumann algebra and the dual of a C*-algebras respectively, the Fourier 
and Fourier-Stieltjes algebras inherit natural operator space structures. 

Given two Banach spaces V and W, there are many ways to define a 
norm on the algebraic tensor product V <8> W. Distinguished amongst such 
norms is the Banach space projective tensor product norm which we denote 
by V <S> 7 W. A fundamental property of the projective tensor product is that 
there is a natural isometry between (V <S> 7 W)* and B(V,W*). Given two 
operator spaces V and W, there is an operator space analog of the projective 
tensor product norm which we denote by V® W. In this case, we have a 
natural complete isometry between (V§t>W)* and CB(V,W*). 

Definition 1.2. A Banach algebra A that is also an operator space is called 
a completely contractive Banach algebra if the multiplication map 

m : A(&A — > A, u ®v i— > uv 

is completely contractive. In particular, both B{G) and A(G) are completely 
contractive Banach algebras (see [TlJ). 

Let A be a completely contractive Banach algebra. An operator space X 
is called a completely bounded A-bimodule, if A is a Banach ^4-bimodule and 
if the maps 

A®X — > X , u <£> x i— > ux 

and 

X®A — > X , x <g> u i— > xu 
are completely bounded. In general, if A is a completely bounded A- 
bimodule, then its dual space X* is a completely bounded ^4-bimodule via 
the actions 

(u ■ T)(x) = T(xu) , (T ■ u)(x) = T(ux) 
for every u € A, x G A, and T € A*. 
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A is operator amenable if, for every completely contractive Banach X- 
bimodules, every completely bounded derivation from A into X* is inner. 
One characterization of operator amenability is that A is operator amenable 
if and only if it has a vertual diagonal [27] i.e. there is M € (Atg>A)** such 
that 

a-M = M-a , am**(M) = m**(M)a = a (a € A), 
where a • (b <S> c) = ab <g> c, (b ® c) • a = b ® ca, and ir : A <g> A — > A is the 
multiplication operator. A is operator weakly amenable if every completely 
bounded derivation from A into A* is inner |19j . 

1.4. Arens regular Banach algebras. Let i be a (completely contrac- 
tive) Banach algebra. We can define two products on A**, the second dual 
of A, known as the first and second Arens products as follows: For every 
F,E £ A** with F = w* — lima /a, and £ = w* - limp g p , {f a }, {g p } C A, 
we let the first (second) Arens product be 

FU\E = w* — limlim f a gg and F o E = w* — limlim g@ fa- 
ct /3 a 

We say that A is Arens regular if the first and second Arens products 
always coincide i.e. 

FUE = FoE, VF,E G A**. 

If A is Arens regular, then every closed subalgebra of A or a quotient of A 
is also Arens regular. It is well-known that C*-algebras (or more generally, 
operator algebras) are Arens regular. However the group algebra £ X (G) is 
Arens regular if and only if G is finite [7] . 

Also the Arens regularity of the Fourier algebra A(G) implies that G is 
discrete, non-amenable, and does not contain a copy of F2, the free group 
on two generators [14], [15]. It is still an open question whether the Arens 
regularity of A(G) implies that G is finite. 

2. Beurling-Fourier algebra on a locally compact group 

2.1. General construction. We begin the construction of a dual object of 
classical Beurling algebras by the following reformulation of the multiplica- 
tivity of weight functions. 

Let G be a locally compact group and recall the co-multiplication 

r : L°°{G) -> L°°{G xG),/4 Tf, 

where Tf(s,t) = f(st). This T can be easily extended for unbounded Borel 
measurable functions on G using the same formula. 

Now let to : G — > (0, 00) be a continuous function. Then the submulti- 
plicativity of to is clearly equivalent to the condition 

(2.1) r(w)(w -1 &U;- 1 ) < 1. 

Our aim is first to define a dual version of weight functions satisfying a 
dual version of (12. ip . which requires an extension of a *-isomorphism for 
certain unbounded operators. We will describe the process in the following 
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lemma. We refer the reader to [H Chapters X.l and X.2] and [291 Chapter 
5.5.6] for the definition and basic properties of unbounded operators. 

Lemma 2.1. Let M C B(H) and M C B(K) be von Neumann algebras 
and : M — > M be a * -isomorphism. We suppose that 

(1) there is an increasing net of projections (Ei)i^x Q <M such that 
V := \J ieX Ei(H) is dense in H, 

(2) there is a closed operator W on H with the domain containing T> 
such that WEi's are bounded self-adjoint operators in A4, and 

(3) V' := {J ieI <S>(Ei)(K) is dense in K. 

Then, the linear operator B defined on T>' by 

B(k) := $(WEi)(k) for k G &(Ei)(K) 
is a closable operator on K , whose closure is self-adjoint. 

Proof. Since (Ei)i & x is increasing, (${Ei))igx is also an increasing net of 
projections in J\f, so that B is well-defined. Now we can apply the same 
argument as in [291 Lemma 5.6.1] to show that B is closable with the self- 
adjoint closure acting on K. □ 

Definition 2.2. Suppose that we are in the same situation as in Lemma 
12.11 We define 3>(W) acting on K by 3>(W) := B, where B is the closure of 
B. 

Remark 2.3. (1) The above definition of <J>(W) is an extension of in the 
following sense. If W is bounded with the domain H, then $(W) defined 
in Definition 12.21 (denoted by T) and the original $(W) (denoted by 5) 
coincide on a dense subspace of K. Indeed, if we put W% = WEi, i G Z, 
where Ei's are the projection in Lemma [2. 11 then we have Wi — > W strongly, 
and so, W S M.. Moreover since Wj's and W are uniformly bounded, we 
have actually W% — > W u-strongly. Thus, <&(Wj) — > S u-strongly. From the 
definition it is clear that §(Wi)x — > Tx for all x £ T>' , so that Tx = Sx for 
all x £ T>' , and T>' is dense in K. 

(2) We will use the convention that if two bounded operators S, T, acting 
on a Hilbert space, coincide on a dense subspace, then we identify S and T, 
and we use the notation S = T. 

Now we go back to the definition of a dual version of weight functions. 
Let VN(G) be the group von Neumann algebra, and let T be the usual 
co-multiplication on VN(G) defined by 

T : VN{G) -»• VN{G x G), A(s) ^ A(s) <g> A(s), 

where A is the left regular representation of G. Recall that a densely defined 
(possibly unbounded) operator T acting on H is said to be affiliated to M, 
a von Neumann algebra in B(H), if UTU* = T for any unitary U G M! 
[291 Chapter 5.5.6], and that T is called boundedly invertible if there is a 
bounded operator S : H — » H such that TS = idn and ST C idn [H 1.14 
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Definition]. In the latter case, the choice of S is unique so we denote S by 
T -1 and call it the bounded inverse ofT. 

Definition 2.4. Let G be a locally compact group, and let VN(G) C B{H) 
be a fixed representation of VN(G). A closed densely defined positive oper- 
ator W on H affiliated to VN(G) with the bounded inverse W~ l G VN(G) 
is called a weight on the dual of G if 

(1) W satisfies the conditions in Lemma ET] with M = VN(G), N = 
VN(G xG)C B(H <g> 2 H), and $ = T, 

(2) V := {x e H 2 H : (W^ 1 <g> G P'} is dense in H <g> 2 JET, 

(3) T(W)(W- 1 (g) W^ 1 ) is bounded on £> (we still denote its unique 
extension to H ® 2 H by r(W)(T^- 1 <g> VF^ 1 )), 

(4) r(^)(W" 1 W- 1 ) < l yjv(GxG) , and 

(5) VN(G)W- 1 := {AW- 1 : A G FiV(G)} is w*-dense in VN(G). 

We say that a weight W on the dual of G is central if WEi £ VN(G)' for 
any i El, where (£Jj)j e x is the net of projections in Lemma |2. 11 

Remark 2.5. (1) In this paper, we will usually exploit the representation of 
ViV(Cr) coming from the representation theory of the group G in the concrete 
examples, namely the case of compact groups and the case of Heisenberg 
groups. 

(2) We require our weight W to be boundedly invertible in order to avoid 
unnecessary difficulties of unbounded inverses. Of course, we sacrifice some 
generality here, but all of our examples show that this is a reasonable re- 
striction. 

Definition 2.6. For a weight W on the dual of G we define 



Hence each element of VN(G, W~ l ) is a densely defined operator on H. We 
put the canonical linear structure on VN(G, W^ 1 ). Since W^ 1 G VN(G), 
it follows that the mapping 



is a linear isomorphism. We endow an operator space structure on VN(G, W 1 ) 
so that $ induces a complete isometry. In particular, 



(2.2) 



VN(G, W~ l ) := {AW : A G VN(G)}. 



(2.3) 



$ : VN(G) -»■ VN(G, W' 1 ), A ^ AW 




Clearly $\c*(G) is a complete isometry between C*(G) and C*(G, W 1 ). 
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Remark 2.7. (1) The above definition of A(G, W) is an abstract one, but we 
have a natural realization of A(G, W) as follows. For any <fi G A(G), W~ 1 (j) 
is an element in A(G) satisfying 

{W- l cj)){A) = <p(AW~ v ), A G VN(G). 

Hence we have 

(2.4) A(G, W) = : </> G A(G)} 
with the duality bracket 

(2.5) {W~ l (j),AW) = (j){A) 

for cf) G A{G) and A G VN{G). Moreover, <3? is w*-w* continuous and its 
preadjoint : A(G, W) -> is given by 

(2) The condition (5) of Definition 12.41 is redundant if the weight W is 
central. Indeed, VN{G)W~ 1 is u>*-dense in VN(G) if and only if the map 
A(G) — > A(G), Lp !-)■ W~ l tp is one-to-one. Now suppose that W~ l tp = 0. 
Then WEiW~ 1 ip = 0, i G X, where Elj's are the projection in Lemma l2.1i 
However W£< G VN(G)', and so, W^W -1 ^ = W^tpWEi = E { -> 1 VJV ( G ) 
strongly. Hence </2 = 0. 

(3) Since G VN(G), the inclusion map (or the formal identity) 
j : VN{G) -> VN(G, W' 1 ), A (AH^ _1 )VF is a completely bounded w*- 
u>* continuous map with ||j|| c6 < H^ -1 )! • Moreover, j has a dense range 
since <J> _1 o j : VN(G) — > VN(G), A i->- AW' 1 has a dense range by 
Definition 12.41 (5). This implies that the preadjoint of j, j* : A(G, W) — > 
A{G) is completely bounded and one-to-one. Note that j* is clearly the 
formal identity. Thus we can (and will) assume that A(G, W) C A{G) and 
view any element <j> G A(G, W) as a continuous function on G vanishing at 
infinity. 

(4) We do not know whether W <S> W always defines a weight on the dual 
of G x G. Nevertheless we can formally define VN(G x G, W' 1 ® W' 1 ) and 
A(G x G,W ®W) similar to ((231) and (12U) . respectively. This induces the 
natural complete isometry 

(2.6) 

* : VN(G xG)4 FiV(G x G, W' 1 ® TV" 1 ), A ® 5 ^ (A <g> B)(W ® W). 

In fact, we can identify 

(A(G, W)®A(G, W))* = VN(G x G, W' 1 <g> W" 1 ). 

Indeed, from (|2.3h and (12.6f) we have the following composition of complete 
isometries 

A(G, W)®A(G, W) A{G)%A{G) A(G x G) ^4 A(G xG,W® W), 

which can be easily checked to be the formal identity. 
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Now we would like to endow a completely contractive Banach algebra 
structure on A(G, W). Recall that the Banach algebra structure of A{G) 
comes from the co- multiplication T, so that we will consider an appropri- 
ate map VN(G, W~ l ) -)■ VN(G x G, W' 1 <g> W' 1 ), which is essentially 
the extension of T. By (3) in Definition 12.61 we have a normal complete 
contraction 

f : VN(G) -> VN(G x G), 

defined by 

A h-> T(A)T(W)(W- 1 ® W^ 1 ). 
We define the w*-w* continuous complete contraction 

r w : VN(G, W' 1 ) -> WV(G x G, W" 1 TV^ 1 ) 

by 

(2.7) T w := ^ of o^-\ 

We can say that T w is essentially an extension of T in the following sense. 

Theorem 2.8. Let G be a locally compact group, and let W be a weight on 
the dual of G. Then the following diagram is commutative: 

VN(G) * VN(G x G) 

3® 3 

VN(G, W' 1 ) VN{G x G, W' 1 (g> W' 1 ). 

Proof. It suffices to show that for every A G VN(G), 

(2.8) T w (A)x = T(A)x 

for all x G V(W) <g> X>(W), where is the domain of PF. Let Wi = 

WEi, i £ I, where E^s are the projection in Lemma l2.1i Then we have 
W~ l WiX — > x for all x G V = \J ieI Ei(H). Since W^Wi's are uniformly 
bounded and V is dense in H, we have W~ l Wi — > 1vn(G) c-strongly. Thus 
r(W -1 )r(Wi) -> lyTV(GxG) cr-strongly. Since 

T(Wi)x -> T(Ty)x 

for all x G £>' = (J i6/ r(£<)(ir <£> 2 we have T(W- 1 )T(W)x = x for all 
x G £>', so that for every A G VN(G) 

t{aw- 1 )t(w)(W' 1 ® iy _1 )x = r(A)r(W'- 1 )r(w r )(W'- 1 <g> w -1 )a; 

= r(A)(iy- 1 ® 

for all x G £> = {x G # <g> 2 H : (W' 1 ® ly- 1 )^ G £>'}. Since £> is dense 
\n H ®2 H ((2) of Definition 12. 4p and both operators are bounded ((3) of 
Definition 12.41). we have 



T{AW~ 1 )Y{W){W~ 1 <g> W' 1 ) = T{A){W~ l <g> W 
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Thus 

T W {A) = ^(f 

= (f {AW' 1 )) 

= ^>{T{AW- 1 )T{W){W- 1 ® W- 1 )) 

= ^(T(A)(W~ 1 &W- 1 )) 

= T{A){W~ l <g> <8) W). 

Hence ([12]) follows. □ 

We are now ready to define a suitable completely contractive Banach 
algebra structure on A(G,W). Indeed, since is a complete contraction 
and also a w*-w* continuous mapping, the preadjoint of T w defines 
a completely contractive Banach algebra structure on A(G,W). This will 
allow us to present the following definition. 

Definition 2.9. Let G be a locally compact group, and let Wbea weight on 
the dual of G. The completely contractive Banach algebra A(G, W) defined 
in Definition 12.61 with the multiplication 

rf : A(G, W)®A(G, W) -»■ A(G, W) 

is called the Beurling-Fourier algebra on G. 

We will use the notation 

<t> ■A(G,W)i> = ^(4®^), </>,l(>€A(G,W), 

while 

4>-a{g) $ = T*(<t>®>ip), <j>,ipeA(G). 

Remark 2.10. (1) It follows from the commuting diagram in Theorem 12.81 
that the following diagram is also commutative: 

A(G x G, W <g> W) — ! A(G, W) 

A(G x G) " A(G). 

This implies that for every (f>, tjj € A(G, W), 

4> -a(g,w) ip = rjf (0 ® ip) = r*(0 = ^ -a(g) V>, 

or equivalently, the multiplication on A(G, W) can be be understood as the 
pointwide multiplication of continuous functions so that A(G, W) can be 
viewed as a subalgebra of A{G). 

(2) The definition of the Banach algebra structure on A(G, W) for a weight 
W on the dual of G is somewhat technical since we are working with general 
unbounded operators. If W is bounded or at least VN(G) is semifinite with 
a trace r and W is T-measurable, then the above construction becomes much 
easier, since the extension of *-isomorphism can be easily understood ( |33^ 
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Lemma 2.4]). However, the weight W we are interested in is usually pretty 
much unbounded, so that W is not even r-measurable. 

2.2. Central weights on the dual of compact groups. We will show in 
this section how we can construct central weights on the duals of compact 
groups. We will see, eventually, that they are a generalization of classical 
weights on discrete groups. 

Let G be a compact group. Then from (jl.6p . 



repetition of the same component d^-times for ir € G. For the rest of this 
article, we always consider the above representation of VN(G). 

Before proceeding further we need to know how the co-multiplication on 
VN(G) is translated in the above representation of VN{G). Note that the 
left regular representation A has the decomposition A = ©^ggvf- Consider 
a central element W G VN{G) defined by 



where w(7r)'s are positive numbers and F = {tt € G : lu(tt) > 0} is a finite 
set. Then from ()1.3|) . (|1.4p and the Fourier inversion formula (jl,5p we have 
that 



VN(G) = M dw C B(H), 



ttGG 



where H = ffi . Note that the above direct sums over G assume the 



7T£G 



Hf) = (/WW = w or w = T 




f(x)X(x)dx 



') 



where 



f(x) = d a oj(a)tT(a(x)), (x G G). 



crGG 



Thus 




7T,7r'6G 

N 



X 




where 



(2.9) 



N 

TT ® TT' ^ T k 
k=l 
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for some (r k )^ =l C G. Note that we are allowing the repetition of r k, s, so 
that it is possible that r fc = t 1 for some k ^ I. By the Schur orthogonality 
relation, 

N . da- 

nw)= 0/ Y, d * v >wY,Mx)T k Wd* 

N 

= ®^)i Mdrk . 

n,TT>ed k=1 

We can change the order of the direct sum using the following notation. 

Definition 2.11. Let p be a continuous finite-dimensional (unitary) repre- 
sentation of G. We recall that the support of p in G is the (finite) set of 
continuous finite-dimensional irreducible unitary representation of G that 
appear in the decomposition of p, i.e. 

suppp = {n g G | p = ®" =1 Ti}. 

Using the preceding definition and the fact that F = {-it € G : uj(tt) > 0}, 
we can write 

(2.10) rW = w(a)l Mda . 

^ F tt.tt'gG 

erg supp tt®tt' 

Now we consider a function oj : G — > (5, oo) for some <5 > 0. We would 
like to construct a central weight associated to w. Let T be the set of all 
finite subset of G directed by the inclusion. For every F £ J 7 , let -Ef be the 
projection in VN(G) defined by 

E F = 1 ^ ■ 

It is clear that (Ef)f & jt is an increasing net of projections in VN(G) and 
P = \J Fe jr Ep{H) is dense in H. Let be the operator in VN(G) given 
by 

W> 1=0^)1^. 

ttG-F 

Consider the linear operator Vl^o with the domain 2? defined by 

W (/i) := W F {h), h G ^F(-ff). 

If we apply the same argument as in |29t Lemma 5.6.1], then we can show 
that Wq is closable with the self-adjoint closure. We will denote this closure 
by 

(2.11) ^ = w(vr )i M ^. 

7T6G 

We can exactly determine when W is a weight on the dual of G. 
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Theorem 2.12. Let G be a compact group, and let u : G — > (S, oo) be 

a function, where 5 > 0. The operator W constructed in \2.11\) defines a 
central weight on the dual of G if and only if 

(2.12) u(a) < oj(tt)uj(tt') 
for all a, tt, tt' € G with a € supp7r ® tt'. 

Proof. Following the construction of W, it is routine to verify that W is 
a closed densely defined positive operator on H = ©^gg^ affiliated to 
VN(G). Also W has the inverse 

W- 1 = ©wCtt)" 1 ^ € VN(G), 

since uj is bounded away from zero. Moreover, (|2.1U|) implies that 
W = ® © ^ 

<r£ supp 7T(g)7r' 

Thus it is clear that V = |J Fgjr r(E F )(i7 g) 2 ff) is dense in H<S> 2 H, so that 
we can apply Lemma 12. II to define r(W). Note that we have 

T(W)T(E F ) = Q) w(a)l Mda . 

7r,7r'6G 
crE supp 7rdji7r' 

On the other hand, 

7r,7r'GG 

= © © ^(^-^(tt')- 1 ^, 

o-eG 7r,7r'eG 

itG supp 7T(g)7r' 

and so the condition (2) of Definition 12.41 is clearly satisfied. Moreover, 

(2.13) r(w)(w- 1 <g>w- 1 ) = a^M^-M^r 1 ^. 

o-eG 7r,7r'eG 

<r£ supp 7T(g)7r' 

Hence the condition (4) of Definition 12.41 is equivalent to the relation (|2.12[) . 
Finally, it is clear that Wf £ VN{G)' for every finite subset F of G, and 
so, by Remark 12.7( 2). the condition (5) of Definition 12.41 is satisfied. Con- 
sequently, W is a central weight on the dual of G if and only if (|2.12p is 
satisfied. □ 

The preceding theorem leads us to the following definition. This idea was 
also considered by J. Ludwig, N. Spronk, and L. Turowska [3l] . 
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Definition 2.13. Let G be a compact group, and W = ©^gg w ( 7r )lM d?r 

be a central weight on the dual of G for a function u; : G — > (6, oo) (5 > 0) 
satisfying (|2.12p . For convenience, we use u to represent W, A(G,lo) to 
represent A(G,W), VN(G,uj~ 1 ) to represent VN(G, W" 1 ), C^G.ar 1 ) to 
represent C*(G, IF -1 ), and use the terminology that a; is a central weight 
on G. Finally, we define the symmetrization of uj, denoted by 0, to be 

n(7r) = u(ir)u}(w) (vr G G). 

In particular, we have the completely isometric identification 

a(g,w) = c;{G,w- l y. 

Remark 2.14. (1) Since A(G,u) C A(G) boundedly, we can understand each 
element in A(G,u) as a continuous function on G. More precisely, we have 

A(G,u) — {/ £ C(G) : ||/|U (G , w) = £ ^(vr) ||/(vr) ^ < oo}. 

TreG 

(2) It is easy to verify that the symmetrization £1 of oj is also a central 
weight on G. It is also easy to check that for any two central weights oj\ 
and UJ2 on G, the function UJ1UJ2 defined by 

(u)iu) 2 )(n) = wi(7r)a;2(7r), ir € G 

is again a central weight on G. 

(3) Let {Gj}i e / be a family of compact groups, and F(I) be the set of 
finite subsets of /. It follows from [251 Theorem 27.43 ] that the dual of 
Wi^i Gi consist of all the representations 

(7Ti)i£F : Gi ->■ B(iSi i€F H Wi ) , (xi) ieF ^ ® i&F iTi(xi) [F € F(I)). 

Now suppose that, for every i € /, u>i is a central weight on G{. Then it is 
straightforward to see that the product function uj-i given by 

is again a central weight on the dual of Yl i£l Gi provided that Yl ieI uJi is 
bounded away from zero as well. 

Let m € N, and T^" 1 ) denotes the m-times Cartesian product of T. There 
are various classical weight associated to T( m ) = z( m ) such as 

n >-*• (1 + ln(l + ||n||)) a , n ^ (1 + \\n\\) a (a > 0), 

where ||n|| is the natural norm on r L^ m \ Since the dual of a non-abelian 
compact group G is not a group anymore, we can not use this idea to 
define weights on G. However, as we see in the following example, our 
generalization allows us to define very natural weights on G. 
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Example 2.15. Let G be a compact group, and let a > 0. We define the 
functions a a and oj a from G into [1, oo) by 

(2.14) a a (TT) = (l + lnd n ) a (tt G G), 

(2.15) Wa(7T) = £# (ttGG). 

It follows from the tensor formula (|2.9p that both a a and w a satisfy (12.121) . 
and so, they are central weights on G. Since the irreducible representations 
of abelian groups are 1-dimensional, the preceding weights are trivial if G is 
abelian. Thus they are interesting for compact non-abelian groups. 

2.3. Central weights on the dual of the Heisenberg groups. Let 

Hd (d > 1) be the Heisenberg group on C d x R. Our references for the 
Heisenberg groups are (39J Chapter 1] and [HI Examples 6.7 and 7.6]. For 
h G R*(= R\ {0}) we consider the Schrodinger representations of Hd acting 
on U = L 2 (R d ) defined by 

n h (z, tMO = e iht e ih ^<+^<f^ + y), 

where • is the usual inner product in R , z = x + iy, x,y £ W d and tp G %. 
The Haar measure on Hd is just the Lebesgue measure on C d x R, which 
will be denoted by dzdt. The Fourier transform on Hd is defined as follows: 

f Hd (h)= [ f(z,t)WK(z,t)dzdt, heM* 

for / £ L l (Hd), and the Plancherel theorem says 

f H «(h) \ [ dfx(h) = [ \f(z,t)\ 2 dzdt, 
S2{H) J Hd 

where S2CH) is the Hilbert-Schmidt class on H, d^i(h) = j^jd+rdh on R* 
and / G L (Hd) n L 2 (Hd). Moreover, it is well known that 

unitarily 

(2.16) X = J WKd^(h), 

where A is the left regular representation of Hd, and 

VN(H d ) = L°°(fi;B('H)) C B(H), 

where H = L 2 ([i; S2CH)). Note that the above vector-valued L°° space 
L°°(n; B(H)) can be naturally identified with the von Neumann algebra 
tensor product L°°(n)®B^H). 

Lastly, we recall the Fourier inverse transform 

T~ x : L l ([i] S X {H)) -+ L°°(H d ), X = (X(h)) -> ^(X), 

where 

T- 1 (X)(z,t)= [ tr{TT h {z,t)X(h))d»(h), 
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Si(H) is the trace class on % and S\(H)) refers to a vector- valued L 1 

space. 

As in the compact group case, we need to know how the co-multiplication 
is translated in this setting. In order to achieve this, we first need the 
following lemma. 

We fix an orthonormal basis (£i)i>i for H, and let P„ S B(H) is the 
operator defined by 

(2-17) PjM = fa&tj ,i,j> 1. 

Then we get the following substitute for Schur orthogonality. 
Lemma 2.16. Let g be a function in S(M), the Schwarz class on R. 
g{h')5ikSji 



(2.18) =/ / g(h)(7r h (z,t)^,^)(7r h >(z,t)^ h ,^)dzdtdn(h), i,j,k,l > 1 

JR*JH d 
for every h' G R*. 

Proof. Let X = g ® Pj%, If we take Fourier inverse transform, then 

we get 



f(z,t)=T- 1 (X)(z,t)= / g^tri^hiz^P^d^h) 

JR* 

g(h){K h {z,t)£j,£i}diJ,(h), (z,t) e H d . 



From the inversion theorem ([Ml theorem 1.3.2]) we recover X as the Fourier 
transform of /, so that we have 



X{ti) = g(h')P 



31 



g(h) (ir h (z, t)£j,£i)Tr hl (z, t)dzdtd^(h) 

for every h! 6 R*. Since (PjiCk,Ci) = (£,k,£,i){£,j,£i), we get the conclusion. 

□ 

Now let W = w ® id n for some strictly positive w £ <S(R) and n > 1, 
where zd n = J^iLi the n x n upper-left corner of 1b(W)- We se * 



/(z,t)=7- 1 (IV)(^,t)= / w(h) X % h (z,t)dti(h), (z,t)eH d , 

where 

n 

(2-19) x2J*,t) = £M*, 



1=1 



Then we have T(W) = J H f(z,t)X(z,t) <8> X(z,t)dzdt, and if we focus on a 
particular point (/?/, /i") el* x R*, then by f|2. 16|) we have 
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T(W)(h',h") = / f(z,t)ir h '(z,t)®Tv h n(z,t)dzdt 



d 



w (h)Xn h ( z > *)flV ( z > t) ® TTh" 0> t)dzdt 

>H d 

for almost every (h',h") 6 1* x I*. By the Stone- von Neumann theorem 
(P3J Theorem 6.49]) for ti + h" ^ (note that the cases ft/ + /i" = are 
measure zero with respect to fx X fx) we have 

a 

where ^y +h n are copies of TTh'+h"- Thus, by (|2.18p and (|2.19p we have 
T(W)(ti,ti') = ®[ I w(h) X : h (z,t)Tr« +h „(z,t)dzdtd^h) 

= Qw(h' + h")id n 

a 

for almost every (h',h") € R* x R*. Note that the above equality can be 
extended to any u € L°°(R) since <S(R) is w;*-dense in L°°(R), and we can 
replace id n by 1b(H) by w*-w* continuity. Thus, for any u) G L°°(R) and 
W = to C*3 1 s(-H) we have 

(2.20) T(W)(ti, h") = w(ti + h")l B{H) ® 1 B(W) 

for almost every (/t' ; /t") £ R* xR*. Note that we used the fact that Q a IbCh) 
is identified with 1 B r^\ ® 1 B (%) . 

Now we consider a continuous positive function wonK which is bounded 
away from zero. We would like to construct a central weight associated to 
oj. For m € N, we consider the projection E m in VN(Hd) given by 

E m = l[_ mim ] <8> 1b(h)- 

It is clear that (E m ) m >i is an increasing net of projections in VN(Hd) and 
V = U m >i E m (H) is dense in H = L 2 (fx; S^CH))- Let W m be the operator 
in VN(Hd) given by 

W m := (wl[_ TO)m ]) (8) 1b(w)- 

Consider a linear operator Wq with the domain T> defined by 

W (h):=W m (h), hEE m (H). 

If we apply the same argument as in [29, Lemma 5.6.1], then we can show 
that Wq is closable with the self-adjoint closure. We will denote this closure 
by 

(2.21) W = w®l B(W ). 

Similar to the compact groups, we can exactly determine when W defines a 
weight on the dual of G. 
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Theorem 2.17. Let w : R — > (5, oo) be a continuous function, where 5 > 0. 
The operator W constructed in \2.21\) defines a central weight on the dual 
of the Heisenberg group Hd if and only if 

(2.22) w(ti + h") < w(h')w(h") 

for every h! and h" in R. 

Proof. Following the construction of W, it is routine to verify that W is a 
closed densely defined positive operator on Hd affiliated to VN(Hd). Also 
W has the bounded inverse 

W- 1 =uj~ 1 ®1 B(H) , 
since u is bounded away from zero. Moreover, (|2.20p implies that 

T(E m )(h',h") = l[_ mim ]0' + h")l B (u) ® 1 B(H) 
for almost every (h', h") el'x R*. Thus it is clear that 

V'= (J T(E m )(H® 2 H) 

m>l 

is dense in H ® 2 H, so that we can apply Lemma I2TT1 to define r(W). Note 
that 

T(W)(ti, h") = l hmM (ti + h")w{h' + h")l B{H) 1 B{U) 

on T{E m ){H (8> 2 H), for every m > 1 and almost every (/i', /i") G R* x R*. 
On the other hand, 

for every (/t',/t") G R* x R*. Then clearly D' and V = {x £ H ® 2 H : 
{W 1 ® W- V )x G P'} both contain C 00 (R* x R*) ® 5 2 (W ® W), where 
Coo(R* x R*) refers to the space of continuous functions on R* x R* with 
compact support. Moreover, W~ l ®W~ l preserves C o(R*xR*)®5 , 2(^®H), 
and since C 00 (R* x R*) ® 5 2 (7^ ® H) is dense in H ® 2 A", the condition (2) 
of Definition 12.41 is satisfied. Moreover, the condition (4) of Definition 12.41 is 
equal to 

w{h! + h") < w(h')w(h") 

for almost every h! and h" in R* which is equivalent to the relation (|2.22p 
since w is continuous. Finally, it is clear that W m G VN(G)' for every 
m G N, and so, by Remark 12.7( 2). the condition (5) of Definition 12.41 is 
satisfied. Consequently, W = w <8> 1 b(h) defines a weight on the dual of Hd 
if and only if (|232|) holds. □ 

The preceding theorem is the motivation behind the following definition. 

Definition 2.18. Let W = u <g> Ib(^) be a central weight on the dual of 
Hd for a continuous function u) : R — > (5,oo) (5 > 0) satisfying (|2.22p . For 
convenience, we use uj to represent W, A(Hd,uj) to represent A(Hd, W), and 
use the terminology that w is a central weight on Hd- 
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Example 2.19. Let a > 0. We define the function r a : R — > [1, oo) by 
(2.23) r a {x) = (1 + |x|) a (XGR). 

By Theorem 12.171 and Definition 12.181 r a is a central weight on Ha- 

3. Compact groups 

Throughout this section, G is always assumed to be a compact group. We 
start with showing certain functorial property that holds for the Beurling- 
Fourier algebras. 

3.1. Functorial Property. Consider the map Q : A(G x G) — > G(G) 
defined by 

Qw{s) = I w(sr,r)dr. 
Jg 

We denote the image of Q by A A {G). We endow A A (G) with the operator 
space structure which makes Q a complete quotient map. We also note that 

N : A A {G) -> A(G x G), Nu(s, t) = uist' 1 ) 

is a complete isometry. As in [17\ Theorem 2.6], if we repeat the procedure 
above we obtain 

(3.1) A An+ i(G) = Q(A An (G x G)) (n € N). 
We can do a similar construction with 

Q : A{G x G) ^ C(G), Qw(s) = [ wist^-^dt. 

Jg 

We denote the image of Q by A 1 {G). We endow A 1 {G) with the operator 
space structure which makes Q a complete quotient map. We also note that 

N : Aj(G) -> A(G x G : A), 7Vn(s, t) = n(si) 

is a complete isometry. If we repeat the procedure above we obtain 

(3.2) A 7 n+i(G) = Q(A 1 n(G x G)) (neNU{0}). 

It follows immediately that, for each n E N, Ayn(G) is a closed unital sub- 
algebra of the Fourier algebra A{G <y2n ^). Moreover, by Theorem 4.1], 

(3-3) ||/IU 7n( G) = E4 n+1 |/(^ 

ttGG 

Let uj be a central weight on G, and let f2 be the symmetrization of u 
(Definition 12. 13[) . Since A(G xG,wxu) isa subalgebra of A(G x G), we 
can restrict the map Q to A(G x G,uj x u). We denote 

A A (G,0) = Q(A(G x G,oj x u)) 
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and endow A A (G, Q) with the operator space structure so that it became 
a complete quotient of A(G x G, uj x uj). It is clear that A A (G, ft) is a 
completely contractive Banach algebra. Moreover 

N : A A (G, Q) -> A(G xG,lox uj), Nu(s, t) = u{st- 1 ) 

induces a completely isometric algebraic monomorphism from A A (G, £1) into 
A(G x G,uj x uj). 

The following theorem explains the motivation behind using £1 in the 
preceding definition. 

Theorem 3.1. Let G be a compact group, and let uj be a central weight on 
G. Then 

A A (G,n) = {feC(G):Y i d 3 J 2 ^(7T) 

Moreover, for every f G A A (G, 0), we have: 

ll/IU A (G,n) = inf{||-u|Uxw : u G A(G x G,uj x uj), Qu = /} 
= ^4/ 2 fi(7r)||/(7r)|| 2 . 

■TreG 

Proof. It suffices to show that, for / G C(G), 

feA A (G,n) iff ^^(7r)||/(7r)|| 2 <oo. 

TTgG 

We note that / G ^4a(G, J7) if and only if Nf G A(GxG,ujxuj), in which case 
II/IUaCG^) = ll-^/IUxw On the other hand, following a similar argument 
as in the proof of Theorem 2.2 in j!7j . we can compute H-/V/ || wxw , which is 

S-n-gg ^ 2 ^( 7r )||/( 7r )||2- This completes the proof. □ 

We collect some notations for ideals which we will need in this section. 

Definition 3.2. Let E be a closed subset of G. We define 

E* ■= {(s,t) G G x G : si" 1 G E}. 

For any central weight uj on G we define the ideal Iui(E) to be the || • |U(G,w)~ 
closure of {/ G T(G) : / = on E}. Similarly, 

Ia,q(E) = {/ G A A (G, U) : / = on E} 

and 

I u xu(E*) = {ff£ A A (G x G,uj x uj) : g = on E*}. 

Theorem 3.3. Let G be a compact group, and let uj be a central weight on 
G. If E is a closed subset of G, then we have 
(0 QI^{E*)=l A ,a{E). 

(ii) Iujxoj(E*) is the closed ideal generated by NI A ^(E). 



/(tt) < oo}. 
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Proof. Since u is bounded away from zero, A(G x G,w x cj) satisfies the 
assumption of (TTl Theorem 1.4]. Thus it is a special case of p~7l Theorem 
1.4]. □ 

The following proposition is shown to hold in |35^ Theorem 3.7.13] when 
G is abelian. We prove it for the general case with a different method and 
later use it to relate the properties of different Beurling-Fourier algebras 
together. But first we need the following definition. 

Definition 3.4. For a closed subgroup H of G, we say that tt € G is an 
extension of r € H if r € supp7T| H , where tt\ h is the representation on H 
obtained by restricting on H. 

Proposition 3.5. Let u be a central weight on G, and let H be a closed 
subgroup of G. Define the function ujh ■ H — > (0, oo) by 

w i?( 7r ) = inf{u;(7r) | tt is an extenstion of tt}. 

Then: 

(i) ujh is a central weight on H . 

(ii) The restriction map Rh ■ T(G) — > T(H) extends to a complete quotint 
map from A(G,lu) onto A(H,ujh)- 

Proof, (i) By [25, 27.46], ojh is well-defined. We will show that ojh is a 
weight on H. Let tt, p G H and r € H such that r € supp {tt® p). We want 
to prove that 

Wff(r) < uj h {^)^h{p), 

or equivalently, 

(3.4) uj h {t) < w(5tMp), 

for every extension tt and p of tt and p, respectively. Let 



(3.5) 7T<8>p = 0<T. 



■i j 

l 



where o~i € G (note that a^s may not be all distinct). We claim that, for 
some io, Cj is an extenstion of r. To see this, first note that 

m p 

*\n ' P\h = 0^' 

j=l k=l 

with TTi, pi £ H with 7Ti = tt, and pi = p. Thus 

(7T ® p)\ H = {tt ® 8 ( 7Tj ® p k 

j+k>2 

Since, by our assumption, r E supp (tt ® p), r appears in the decomposition 
of ijT®'p)\ H into the irreducible elements of H. Hence, by (|3.5j> . r appears in 
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the decomposition of ®" =1 0i\ B - Therefore, by Schur orthogonality relation, 
for some io, cn is an extension of r. Thus 

^ff(r) < uj(a io ) < uj(tt)u}(p), 

which proves f|3.4|) . This completes the proof. 

(ii) Let i : C*(H) — > C*(G) be the *-isomorphism defined by 

i(L f ) = [ f(h)\ G (h)dh, f e l\h), 
Jh 

where Lf is the convolution operator by / on L 2 (H). It is easy to check that 
Rh\t(H) = l *\t(H)i so that it suffices to show that t extends to a complete 
isometry from C*(H,ui~^ 1 ) into C*(G,a; _1 ). 

Now we fix n > 1 and consider a finite sequence of distinct representations 
( a k)k=i H. Let A be an element in M n (VN(H,uJf)) supported on 
(ffk)fcLi, i.e. 

n N 

a= x;^-® [04], 

i,j=l k=l 

where A\- € . From (|1.4p , f)1.5|) , and (|1 .6j) it follows that for every 
1 < i,j < there is /y € L l {H) such that 

JV 

^) = ©4- 
fc=i 

Moreover, for every h £ H, 

N 

fi3(h)=J2 d «M A iM h ))- 
k=l 

Hence we have 

in{[L hj ])=[j H Uh)\ G (h)dh] 

n . N 

= e a® [0 / 53d ffJk tr(4ff fc (fc))^) < ffi . 
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The integrals in the above formula are zero unless there is some o~k € supp ir, 
equivalently, it extends some a^. Thus 



K([L fij })\\ 

1 n 
= sup \ —-^ } i 

ttgG \ > y=i 

= sup {— ^ 

<r fc esupp7r yuiyn) 

max 



N 



H 



1 



it=i 



ii 



M„(M d7r ) 

2 d ak tx{A^a k {h))a k ~{K)dh 



N 



k=l 



M n (M d7r ) 



i<k<N inf{o;(7r) : a k G supp7r} 



max • 

l<k<N 



M n (M dn ) 



M n (M d7r ) 



\L 



fWMniCfiH^- 1 )) ' 



where = Efe=i d ak tT{A^-ak{h))ak{h)dh. By a standard density argu- 
ment i extends to a complete isometry from C*{H,ujJ^) into C*(G, 

□ 

We note that every (infinite) compact group contains (infinite) abelian 
subgroups [H]. Thus by the preceding proposition, every Beurling- Fourier 
algebra has certain classical Beurling algebras as complete quotients. This 
can be very useful particularly when the abelian subgroups can be chosen 
so that they contain various information about the original compact group. 
This happens, for example, in the case where G is a compact Lie group and 
H is any maximal torus of G. We will show in details in Section U] how 
this idea can be applied to relate properties of Beurling-Fourier algebra on 
SU{2) and Beurling algebras on T. 

3.2. Operator Amenability. In this section, we present certain criteria 
for investigating the operator amenability of A(G, lo). We will later show 
that this criteria can be applied to large classes of weights. But first, we 
need to recall the following terminologies: 

We recall that a completely contractive Banach algebra A is -ftT-operator 
amenable if there is a virtual diagonal M G (A(§)A)** such that \\M || = K. 
The operator amenability constant of A is the smallest K such that A is K- 
operator amenable. We also recall that if A is a Banach algebra of continuous 
functions on a locally compact space X, then for every x G X, a functional 
d G A* is called a point derivation at x if 

d(ab) = a{x)d(b) + b{x)d(a) (a, b G A). 
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Theorem 3.6. Let G be a compact group with the identity e, and let oj be 
a central weight on G. Then: 

(i) A(G,oo) is operator amenable if and only if -?A,n({ e }) has a bounded 
approximate identity. 

(ii) A(G,co) is K-operator amenable if and only if there is F £ A A (G,VL)** 
such that \\F\\ = K, (F,5 e ) = 1, and 

f-F = f(e)F (feA A (G,n)). 



(Hi) A(G,oj) is operator weakly amenable if and only if 1 a,q({c}) 2 = ^A,o({e}) 
is essential, or equivalently, there is no non-zero continuous point derivation 
on A A (G, £1) at e. 

Proof (i) and (iii). If we let m : A(G,oj)®A(G,oj) ->■ A(G,u) be the multi- 
plication map, then it is easy to verify that 

JojxwCA) = kerm. 

Thus following the arguments in [36] and [38], we see that A(G, oj) is operator 
amenable (respectively, operator weakly amenable) if and only if I UJXUJ (A) 
has a bounded approximate identity (respectively, L UJXU1 (A) 2 = L UJXU1 (A)). 
Thus the results follows from Theorem 13.31 and the fact that {e}* = A. 
(ii) Let A(G, oj) be K-operator amenable, and let M be a virtual diagonal for 
A(G,u) with ||M|| = K. Let Q** be the second adjoint of 
Q : A(GxG,ojxoj) -> A A (G,Q) defined in SectionEQ and let F = Q**(M). 
Then it is routine to verify that F holds the required properties of (ii). Con- 
versely, if such an F £ A A (G,ft)** exits, then M = N**(F) is a virtual 
diagonal for A(G,u) with ||M|| = ||F|| = K. □ 

In [28, Theorem 4.1], B. E. Johnson computed the amenability constant 
of the Fourier algebra of a finite group. The following theorem is the quan- 
tization of Johnson's result to Beurling-Fourier algebras on a finite group 
and its proof is inspired by that of Johnson's. 

Theorem 3.7. Let G be a finite group, and let oj be a central weight on G. 
Then A(G,oj) is operator amenable with the operator amenability constant 



Proof. It is straightforward to verify that 5 e , the dirac function at {e}, is 
the unique element in A A (G, Q)** = A A (G, £1) satisfying the assumption of 
Theorem l3.6( ii). Thus it follows from Theorem l3.6( ii) that A(G,uj) is opera- 
tor amenable and the operator amenability constant is the || • ||a a (g ,f2)" norm 
of 5 e . However |G|5 e (7r) = 1 B ^ H ^ for every it € G. Therefore, considering 
the well-known fact that \G\ = ^2 ne Q d\, we have 

||«.|Ua(G,I1) = E^nWIIWIh = ^ G , 2 • 
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□ 

Corollary 3.8. Let {G;}j e M be a family of finite groups, and let, for each 
i € N, cjj be the central weight on Gi and Qi its symmetrization. Let G = 
Y\i<=i Gi and uj = Y\ ie j u>$ . Suppose further that uj is bounded away from 
zero. Then A(G, oj) is operator amenable if and only if 



M _ n E, ga .<".w 



is convergent. Ln this case, Mg,u is the operator amenability constant of 
A(G,oj). 

Proof. It is clear that, for each n € N, there is a complete quotient map 
from A(G,oj) onto vl(J|™ =1 Gi, niLi Also it follows from Theorem 13,71 
that the amenability constant of 4(f]™ =1 Gi, Yli=i w i) is 

11 ~ d 2 

Therefore the operator amenability constant of A(G, oj) is at least Mq iW . 
In particular, if A(G,oj) is operator amenable, then Mq^ is convergent. 
Conversely, suppose that Mq jU> is convergent. Consider the sequence of 
continuous functions {f n } on G defined by 



fn({Xi}) 
For each n, we see that 



1 x\ = ■ ■ ■ = x r , 
otherwise. 



n V ~ r^fi- 
!Jn|U A (G,fi) - 11 



In particular, {f n } is bounded in ^4a(G, O). Let F be a weak*-cluster point 
of {/ n } in 4a (G, ^)**- Then it is straightforward to verify that F satisfies 
the hypothesis of Theorem I3.6( ii). Moreover ||.F|| = Mqw Thus A(G,uS) is 
operator amenable with the operator amenability constant Mq^. □ 

The preceding corollary has an interesting application when each Gi is S3; 
the permutation group on {1, 2, 3}. It is well-known (e.g. [25l 27.61(a)]) that 
S3 have two 1-dimensional elements and one 2-dimensional element. Using 
this fact, we can construct Beurling- Fourier algebras on countably infinite 
products of S3 so that they are operator amenable. Moreover, we can let 
amenability constant be as large as we would like! This is something that 
does not happen in the Fourier algebra case since the amenability constant 
is always 1 [36j . 

Theorem 3.9. Let Gi = S3 for every i 6 N, and let, uj ai be the central weight 
{2.11$ on Gi defined in Example \2.15l Let G = Yl ie ^Gi and oj = Yl ie jqOJi. 
Then: 



BEURLING- FOURIER ALGEBRAS 



2<i 



(i) A(G,co) is operator amenable if and only 2/X^i=i(2 2ai ~~ 1) ^ s convergent; 

(ii) For every 1 < K < oo ; w;e can choose {a^} so £/ia£ t/ie amenability 
constant of A(G,ui) is K. 

Proof. By Corollary 13,81 ^-(G, oo) is operator amenable if and only if its 
amenability constant which is 

n dfoifr) _ „ 1 + 2 2 "+ 1 _ rr . | 2 2 "* 1 - 2 

11 E c ^4 11 3 J-J- 1 + 3 j 

2 2a 1+ l _ 2 

is finite. However this happens if and only if > is convergent. 

i=l 3 

Thus (i) holds since 

00 9 2a 4 +l _ 9 00 

^^-^ = 2/3^(2 2 --l). 
i=l i=l 

The proof of (ii) is easy. In fact, there are various way to chose the required 

\ _i_ 2 2a i+ 1 

{aj}. For example, we can pick a% so that K = and take ai = 

for i = 2,3,- •• . ° □ 

In [23], N. Gr0nbaek has shown that the Beurling algebra L l (H,uo) on a 
locally compact group H is amenable if and only if H is amenable and fi is 
bounded, where Q. is the symmetrization of to given by Q(x) = lo(x)lo(x~ 1 ), 
x G H. In the below we prove a weaker version of Gr0nba3k's result for 
Beurling-Foureir algebras on compact groups. This presents a nice duality 
to Gr0nbsek's criteria. 

Theorem 3.10. Let G be a compact group, and let oo be a central weight on 
G. Then the followings holds: 

(i) If Q is bounded, then A(G, u) is operator amenable; 

(ii) If limTr^oo £l(ir) = oo, then A(G, u) is not operator amenable. 

Proof, (i) If Q is bounded, then A A (G,Q) = A A (G). However, by [HI 
Theorem 3.9(iii)], I A ({e}) has a bounded approximate identity. Hence the 
result follows from Theorem I3.6f i). 

(ii) Suppose that A(G,oo) is operator amenable. Then by Theorem I3.6f ii) 
and going to an appropriate subnet, there is a bounded net {f a }a C A A) n(G) 
such that f a (e) = 1 for all a, and 

(3.6) // Q = /( e )/ a forall/eA A (G,n). 

Since for every n E N and T £ M n , \\T\\\ < n^^WT^, and so, we have 
A A (G, fi) C A(G,Q). Therefore we can assume that {f a } a C A(G,Cl). 
Now let g be a weak*-cluster point of {f a } m A(G,Q) = C*(G, Q" 1 )*. Let 
/ : G — > ® qM^ be defined by I(ir) = 1b(h^) f° r an € G. It is clear that 
/ is the inverse Fourier transform of 5 e , the evaluation functional on A(G, Q) 
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at {e}. Now since lim 7r _ s>00 tt(ir) = oo, it follows that 5 e = I G C*(G,Q 1 ), 
and so, 

g{e) = (g,$e) = lim(/ Q ,(5 e ) = 1. 

a 

On the other hand, it follows routinely from (I3.6P that g(t) = if t 7^ e. 
Since g is continuous, it follows that G is finite which contradict the fact 
that lim^^oo 0(-7r) = 00. This completes the proof. 

□ 

Corollary 3.11. Let G be a compact connected, simple Lie group and let a a 
and uj a be the central weights on G defined in Example \2.15[ Then A(G,a a ) 
or A(G,oj a ) is operator amenable if and only if a = 0. 

Proof. When a = 0, A(G,a a ) = A{G,u a ) = A(G). Hence the result follows 
from [36j. For the converse, it is shown in the proof of [33J Lemma 9.1] that, 
for any positive integer n, there are only finitely many elements in G whose 
dimension is n. Thus d n — > 00 as ir — > 00. Therefore if a > 0, by Theorem 
13.10} neither of A(G, a a ) or A(G,uj a ) is operator amenable. □ 

3.3. Operator weak amenability. In this section we consider the question 
of whether a Beurling-Fourier algebra on a compact group can be operator 
weakly amenable. Our main tool is to use the criterion presented in Theorem 
I3.6( iii). We first need the following definition. 



Definition 3.12. Let ir be a continuous finite-dimensional (unitary) rep- 
resentation of G, and let w be a central weight on G. For each n S N, we 
define 

n(w,7r) = max{w(r) | r € supp7r}. 
Proposition 3.13. Let u be a central weight on G. Suppose that, for every 

■nf { "'"-^">|, e N} = 0, 
n 

where ir® n = 7r<g)- ■ -®7r, n-times. Then A(G,u>) has no non-zero continuous 
point derivation at e. 

Proof. Let denote the set of continuous positive-definite functions 

on G such that = f( e ) = 1- Each function in i- >1 (G) is uniquely 

determined by a representation ir G G and an orthonormal vector £ G H n so 
that f(x) = (7r(x)£ I £). Hence, in particular, w) is the || • |U(G,w)" c l° sure 
of spanjP^G)} which is T(G). 

Now let d : t4(G,o;) — >■ C be a continuous point derivation at e. We will 
show that d = by showing that ci vanishes on P 1 (G). Let / G P 1 (G), and 
ir £ G and an orthonormal vector £ G -ffjr so that f(x) = (vr(x)£ | £). It is 
routine to verify that 

(3.7) d(n = n[f{e)] n - l d{f) = nd(f) (n G N). 
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On the other hand, for each n G N, by Schur orthogonality relation, f n {r) = 
if r G'suppvr®". Thus 

llriU(CV) = £ ^KII/^Hi 

rSsupp 7r® n 

< £ d T \\T n (r)\\i 

TgSUpp 7T® n 

= n( W ,^")||r|U (G) 
= n(w,vr® n ), 

where the last equality follows since f n is a positive-definite function, and 
so, HriU(G) = / n (e) = 1- Therefore, by (J32D, 



< "- U(G '" } < («€N). 
n n 

So by hypothesis, = 0. □ 

The preceding proposition was proven in [37, Proposition 5.1] for G 
abelian. Our extension allow us to study operator weak amenability for 
the case when G is non-abelian. The following theorem is one application 
of Proposition 13.131 Other applications will be given in Section HJ 

Theorem 3.14. Let G be a compact, totally disconnected group, and let uj 
be a central weight on G. Then A(G,uj) is operator weakly amenable. 

Proof. It is well-known that G has a base of the identity consisting of open, 
normal compact subgroups of G, and so, G is a projective limit of finite 
groups in the sense of |35[ Definition 4.1.4] (see also \35\ Theorem 4.1.14]). 
Hence a similar argument to [25, Theorem 27.43] shows that, for every tt G 
G, there is a finite group H (which is the quotient of G by some open normal 
compact subgroup) so that tt E H . Hence 

{r|re suppvr® n ,n G N} C H 

is finite. Thus for the weight £li(cr) = ^l{a)d a , a G G (Remark l2.14l (2)). we 
have 

n 

for every tt G G. Therefore, by Proposition 13.131 A(G, ill) has no contin- 
uous point derivation at e. Since A{G, VLi) C Aa(G,Q), the same holds 
for A&(G, O). It follows from Theorem I3.6( iii). A(G,ui) is operator weakly 
amenable. □ 



3.4. Arens regularity. In this section, we study the Arens regularity of 
Beurling-Fourier algebras. We provide classes of Beurling-Fourier algebras 
on compact groups that either satisfy or fail the Arens regularity. 
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Definition 3.15. Let W be a weight on A(G). We denote the bounded 
operator T(W)(W~ 1 <gi W" 1 ) by 0, and we write 

9=0 e(7T,<7), 

where e(7r,a) G M dn ®M da . 

The following theorem is proven in Theorem 8.11] in the case where G 
is abelian. We extend it to the general case and apply it to construct Arens 
regular Beurling-Fourier algebras on non-abelian compact groups. 

Theorem 3.16. Let uj be a central weight on G. Suppose that 

Then A(G,uj) and all its even duals are Arens regular. 

Proof. Since A(G,u)** = A(G,u) G;f(G, w- 1 )- 1 , it suffices to show that 

(3.8) $D^ = $o^ = (^,^f G C*.(G,lj~ 1 ) ± ). 

To see this, first note that, for all n G N, 

n-l 

A(G,lo)^ =4(G, w )00[C;(G, u - 1 ) i ]( 2! ), 

i=0 

where X^ m \ m > 1 implies m-th dual of a Banach space X. Thus if 
flUSH holds, then both Arens products vanishes on ©"^[C^G, o; -1 )- 1 -]^), 
which implies that A(G , u>)^ 2n ~ 2 ^ is Arens regular. We will now prove 
(|3.8p . Suppose that W is the central weight on G defined in Definition 
[2331 Let G w- 1 )- 1 with norm 1. Using the identification (pPjh 

take two nets and {s^} in A(G) with ||/ a |U(G)> 1 1 5/8 IU(G) < 1 such 

that W~ l f a -> $ and W~ l gp -> * in w*-topology of VN(G, W~ l ). Let 
A G VN[G) with ||A|| VJV(G ) < 1. Then, by (12^1) . 

($D^, AW) 

= limhm((Ty- 1 / a ) ^( G ,w) (W- 1 ^), AW) 

a p 

= limlim((W- 1 ® W" 1 )^ 03), r^AW)} 

= limlim(/ a ® a,, f o $ _1 (AW)> 

= limlim(/ a ® 5 «, T(A)T(W)(W- 1 ® PW 1 )} 

= limlim V V c? T d CT tr[(/ Q (vr) <g)^(a))r( J 4)(7r,fj)e(^,(T)]. 

a n z — * z — * 

7re(5 0-6G 

Now let e > 0. By hypothesis, there is a finite set E in G such that for every 
7r G E c := G \ -E 1 , there is a finite set F (depending on e and ir) in G for 
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which we have: 

(3-9) ll®MI|M d7r ®M dCT <e (cr € F c ). 

Now for every A, B C G, let 

E(A, #) = ^ E ^Mdafr) ® &(*))r(4)(7T, *)]|- 

ttG.4ctGK 

Then, for every a and /3, 

K/a®3j8> r(A)T(W)(W~ 1 ®W~ 1 ))\ < E(G,G) 

= E{E,G) + E(E C ,F) + E{E C ,F C ). 

We will show that 

limlimsup E(E,G) = limlim E(E C ,F) = and E(E C ,F C ) < e. 

a p a p 

We have 

e(e,g) < ^^||/ a Wlli||^IU(c7)l|r(^)||||e|| 

Tree 

< £<U&(7r)||i 

ttGE 

where / Q (7r) = [/ Q (vr)jj]. Since E does not depend on a and $ £ C*(G, u; -1 )^, 
for all 7r € we have 

(3.10) lim/a(7r)i,- = lim(/ a ,7f^) = ($, 7f«) = 0, 

where 7Tjj's are the trigonometric polynomials defined in (11. lj) . Therefore 

limlimsup E(E,G) = 

since £7 is finite. For the second case, note that 

e(e c , f) < ^(t||/a||||?/jW[|i||r(^)||||e|| 

< 5^<y?j8(c)iii- 

o-GF 

Since -F does not depend on n and \P 6 C*(G, a; _1 )\ similar to f|3. lOj) . we 
have 

limber) = 

for all a £ F. Hence, because of finiteness of F, 

limlim E(E C ,F) = 0. 

a p 
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Finally 



■(e c ,f c ) < £ E ^II^WIIillffM^llilir^llll©^^) 

< e ^2 d Afa(^)\\i ^2 d a \\gp(a)\\x, 



tv&E c aeF c 

where the last inequality follows from (|3.9p . Thus, again since H/all/^G) an< ^ 
IMU(G) < 1 we have 

E(E C ,F C ) < e. 
since e was arbitrary, it follows that 

limlim (f a <g> g , r(A)lW)(W _1 ® W' 1 } = 0. 

a j3 

Hence this shows that the first Arens product vanishes on C*(G, u -1 ) 1 - and 
we are done! The proof for the second Arens product is similar. □ 

Corollary 3.17. Let G be a compact, connected, simple Lie group, and let 
a a be the central weight on G defined in (I2.14D . Then A(G,cr a ) is Arens 
regular if a > 0. 

Proof. Let a be the corresponding operator defined in Definition 13.151 as- 
sociated to the weight cr a . For every ir,p € G, we have 

where tt (g) p = ©^Lx Tfc is the irreducible decomposition of it <g> p. Since for 
each 1 < k < m, d Tk < d w d p , it follows that 

0- a {T k ) = {l+\nd Tk ) a 

< (l+lnd w ) a + (l+lnd p ) a . 
= a a (ir) + cr a (p). 

Thus 

(3.11) ||G a (vr,p)||<— -L- - + ' 



(l + lnd^) a (l+lnck) ' 
On the other hand, as it was pointed out in the proof of Corollary 13.111 
djr — > oo as 7r — y oo. Therefore, from (13. lip , it follows that 

lim limsup ||0 a (-7r, p)|| = lim limsup ||B a (7r,p)|| = 0. 

Therefore A(G,a a ) is Arens regular by Theorem 13. 161 □ 

The preceding example dealt with Beurling-Foureir algebras on certain 
Lie groups. We can also construct Arens regular Beur ling- Fourier algebra 
on non-abelian totally disconnected groups. We recall that, for each n £ N, 
the special linear group SL(2, 2 n ) denotes the set of all 2x2 matrix with the 
determinate 1 on a finite field of 2™ elements. It is well-known that SL(2, 2 n ) 
is a finite simple group (see [U Section 2.7]). 
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Corollary 3.18. Let G = H^ =1 SL(2,2 n ), and let o~ a be the central weight 
on G defined in (|2.14p . Then A{G,a a ) is Arens regular ifa>0. 

Proof. Let B a be the corresponding operator denned in Definition 13.151 as- 
sociated to the weight a a . Similarly to the proof of Corollary 13.171 we have 

» e »^>ii £ (TTW + (TTW {1, - P€d) - 

However it is shown in [31 Section 2.7] that every non-trival continuous 
irreducible unitary representation of SL(2, 2 n ) has dimension at least 2 n — 1. 
Thus d n — > oo as ir — > oo on G. Hence 

lim limsup ||0 a (vr,p)|| = lim limsup ||G a (vr, p) || = 0. 

Therefore A(G,a a ) is Arens regular by Theorem 13. 161 □ 

We finish this section with the following theorem that presents examples of 
non- Arens regular Beurling-Fourier algebras on non-abelian compact groups. 

Theorem 3.19. Let {Gj}j g / be an infinite family of non-trivial compact 
groups, and let, for each i E I, uii be a central weight on Gi. Let G = Y\ ieI Gi 
and oj = Yl ieI 0Ji. Suppose further that oj is bounded away from zero. Then 
A(G,uj) is not Arens regular. 

Proof. If J C J, then it is clear that A(Y\ i( - j Gi,Y\ i£ j uji) is a quotient of 
A(G,uj). Thus it suffices to prove the statement of the theorem when I 
is infinite and countable. So we assume that I = N. For each i 6 N, let 
7Tj £ Gi be a non-trivial representation. For each m, n € N, let u m and v n 
be elements of G defined by 

U m (x) = TT2m(x 2m ) , V n (x) = TT 2n +l (x 2 n+l) (x = {Xi} ie ® £ G). 

We have 



(3.12) u m <g> v n 



TT2m x 7r 2n+ i if 2m < 2n + 1 

7T2n+l X 7T2m if 2m > 2n + 1. 



In particular, {u m (g> v n }m,neN are distinct elements of G. Now let 
fm = —, — Xu m and g n = — — Xu n , 

where Xn is the character of ir G G i.e. Xir{%) = tr[7r(x)]. Let A G VN(G) 
such that for every ir G G, 



F(A)(n) 




if 7T = u m <8> v n and 2m < 2n + 1, 
otherwise. 
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Suppose that W is the central weight on G defined in Definition 12. 131 Then, 
by Definition EUl (l2~10j) . (l2~T3jl . and ([HD, we have 

e(u m , Vn ) = [r^r^r 1 )]^,^) 

= (J) Uji^U^m^UJ^n^UJ^Um ® V n )l MdtT 

Thus, by (12, 7p . for every m, n € N, 

((W^Vm) 'j4(G,W) (W" 1 ^), AW) 

= {(w- 1 ® w -1 )(/ m ® <? n ), r w (AVF)} 

= (An® 3m, f O^-V^O) 

= (/ m ® g n , r^rf^tr 1 ® i^- 1 )} 

= <4 m <i„ n tr[(/ m (?/ m ) ® 3 n (v n )r(A)(u m ,77 n )9(n 

J 1 if 2m < 2n + 1 
[0 if2m>2n+l. 

Therefore the repeated limit of (W -1 / m ) -a(g,W0 (^ _1 <?n)i ^VF) exits but 
they are not equal. This shows that A(G,uj) is not Arens regular. □ 

Remark 3.20. We finish this section by pointing out that the proof of the 
preceding theorem can be adapted, with almost the same approach, to show 
that if {Gi}i£i is an infinite family of non-trivial compact groups and if u) a is 
the weight (|2.15p on the dual of Y\ ieI Gi, then A(G, ui a ) is not Arens regular 
for any a > 0. 

4. The 2x2 special unitary group 

In this section, we apply the results of the preceding section to study 
explicitly the behavior of Beurling-Fourier algebras on 2 x 2 special unitary 
group: 

SU{2) = {A e M 2 (C) | A is unitary, detA = 1}. 
First we make the following important observation which allows us to cor- 
respond various central weights on SU(2) to their restriction on Z. 

4.1. Restriction of the weight on Z. Let u be a central weight on SU{2). 
We can assume that T is a closed subgroup of SU (2) by the identification 

e u 
e~ u 



e u i — ^ 



(te [0,2tt]). 

By the representation theory of 517(2) [251 29.18 and 29.20], 
SU(2) = {*i \ I = 0,1/2,1,3/2,...}, 
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and dim ir i = 21 + 1. Moreover, 

7a(e ft ) = diag{e i2lt , e* 2 ^ 1 )' , . . . , e ~ i2tt ) (< e [0, 2vr]). 
Let n € Z, and let Xn be the character on T defined by 

Xn(e U )=e mt (te[0M)- 
Then iri is an extension of Xn if and only if \n\ < 2/. Hence if we identify Z 
with T through the Plancheral map n Xm we have 

(4.1) wr(n) = inf{u;(7r z ) | |n| < 2^} (n G Z). 

This, in particular, implies that A(T, wt) is a complete quotient of A(SU (2), u>) 
from Proposition l3.51 We will show in the following sections that A(SU (2), oj) 
behave very similarly to that of A(T,ujt). 

Example 4.1. Let a > and < 6 < 1. We define the functions a a , co a , p^ 
from SU(2) into [l,oo) by 

a a (vrO = (1 + ln(2/ + l)) a (717 E SU{2)), 

cjain) = (21 + 1)° (7Ti G S17(2)), 

p 6 (7r z ) = e( 2 ' +1 ) 6 (7r,€5L^2)). 

Since d ni =21 + 1, the first two weights are the one defined in Example 12. 151 
Also we know from 29.29] that, for every I, r = 0, 1/2, 1, 3/2, . . . , 

\l+r\ 

(4.2) 7T/ (8) 7T r = 7r^_ r | 7T|i_ r | + i ■ • ■ 7T|; +r | = (J) TTfc. 

k=\l-r\ 

Therefore it is routine to verify that pb also defines a weight on SU(2). 
Moreover, by (I4.1D . the restriction of the above weights on T = Z corresponds 
to the following well-known weights on Z: 

a» = (l + ln(l+|n|)r (n€Z), 

^(n) = (l + |n|r (neZ), 

^(n) = e (i+l™l) 6 ( n€ z). 

4.2. Operator amenability and weak amenability. Let a > and < 

6 < 1, and let a' a , uj' a , and be the weights on Z defined in Example 14. II N. 
Gr0nbask has characterized in [22J and [23J when either of A(T, a' a ), A(T, uj' a ), 
or A(T, p' b ) is amenable or weakly amenable. We summarized them below: 

(i) A(T,a' a ) or A(T,oj' a ) is amenable if and only if a = 0; 

(ii) A(T, p' b ) is amenable if and only if b = 0; 

(iii) A(T, a' a ) is always weakly amenable; 

(iv) A(T,u;' a ) has no non-zero continuous point derivation at if and only 
if <a < 1; 

(v) A(T,u' a ) is weakly amenable if and only if < a < 1/2; 

(vi) A(T, p' b ) has non-zero continuous point derivations at if b > 0; 
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(vii) A(T, p' b ) is never weakly amenable unless 6 = 0. 
We will show in the following theorem that, in most cases, the analogous of 

these results holds for the corresponding weights on 577(2). 

Theorem 4.2. Let a > and < b < 1, and let a a , u a , and pb be the 
weights on SU (2) defined in Example \4-l\ Then the following holds: 

(i) A(577(2), a a ) or A(SU(2),u a ) is operator amenable if and only if a = 0; 

(ii) A(SU(2), pb) is operator amenable if and only ifb = 0; 

(m) A(SU(2),a a ) has no non-zero continuous point derivation at e; 

(iv) A(SU(2),uj a ) has no non-zero continuous point derivation at e if < 
a < 1; 

(v) A(SU(2),oj a ) is not operator weakly amenable if a > 1/2; 

(vi) A(SU(2), pb) is never operator weakly amenable unless 6 = 0. 

Proof, (i) and (ii). If a = b = 0, then these Beurling-Foureir algebras are 
A(SU(2)). Thus the result follows from [36]. On the other hand, if a, 6 > 0, 
then 

lim a a (ni) = lim uj a {^l) = hm p a (n) = oo. 

Therefore by Theorem EEl neither of A(SU(2),a a ), A(SU(2),oj a ), nor 
A(SU{2),pb) is operator amenable. 

(iii) and (iv) . It follows from the tensor formula (14. 2\\ and Schur orthogonal- 
ity relation that the conjugate of any representation ix\ is itself. Moreover, 

for every n £ N, and t\\ G SU(2), we have 

n(a a ,Trf n ) < (1 + Inn + ln(2Z + l)) a , n{u a , tt® n ) < [n{2l + l)] a . 
Therefore 



n 



mf{— l - — - I n G N} = 



for all a > and 



inf{ ^ - 1 ' | n G N} = 



n 

when < a < 1. Thus the results follow from Proposition 13.131 
(v) and (vi). As it was pointed out in Example 14. 1\ 

A(SU(2),a a )\ T = A(T,a' a ) and A(SU(2),uj a )\j = A(T,u' a ). 

Hence operator weak amenability of A(SU(2),a a ) and A(SU(2), u a ) implies 
the weak amenability of A(T, a' a ) and A(T, u)' a ), respectively. Thus it follows 
from [22j that A(SU(2),uj a ) is operator weakly amenable only if < a < 1/2 
and A(SU(2),pb) is never operator weakly amenable unless 6 = 0. □ 

4.3. Connection with the amenability of A(SU(2)). B. E. Johnson in 
his memoirs [26] in 1972 introduced the concept of an amenable Banach al- 
gebra and proved his famous theorem: the group algebra ^ 1 (G) is amenable 
if and only if G is amenable. It was believed that similar conclusion holds 
for the Fourier algebra A(G) since A{G) acts in lots of cases like a dual of 
L 1 (G ! ). However it was Johnson himself who proved a remarkable result that 
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A(SU(2)) is not amenable [28] . Shortly after Ruan showed in [36] that the 
amenability of G corresponds exactly to the "operator amenability" of A{G) 
which led to the several applications of operator spaces to harmonic anal- 
ysis. Later on, Forrest and Runde [16] settled the question of amenability 
for the Foureir algebras: A(G) is amenable if and only if G has an abelian 
subgroup of finite index. 

We would like to analyze the non-amenability of A(SU(2)) and show its 

connection with the Beurling-Fourier algebras on SU{2) and the classical 
Beurling algebras on Z. Johnson used the properties of the algebra A 1 (G) 
defined in (I3.2p in a very clear way to obtain his result. His approach 
was widely generalized and studied in [17]. By [28l Theorem 3.2] (see also 
[171 Corollary 1.5]) the amenability of A{G) implies that the maximal ideal 
{/ G A 1 {SU{2)) | /(e) = 0} of A 1 {G) has a bounded approximate identity. 
However A^{G) is nothing but the Beurling-Fourier algebra A{G,ui\) in 

(glgD where wifa) = 1 + 21 for all vr, G SU{2) (see (|3T5])h Since, by 
Example 14.11 the restriction of A(SU(2),ui) on T is ^4(T,u^), this implies 
that {/ G A(T,u)[) | /(e) = 0} has a bounded approximate identity. Hence 
by Theorem 13.61 A(T,u}[) is amenable which is impossible by [23]. This 
argument can also be applied to the question of weak amenability because 
again by a similar argument, the weak amenability of A{SU (2)) implies that 
j4(T,u;^ 2 ) is weakly amenable which is shown to fail in [22] . 

As we see, the preceding arguments shows that the (weak) amenability 
of the Fourier algebra A(SU{2)) is closely related to the (weak) amenability 
of a well-known Beurling algebra on Z and it has inherit connection. That 
is why A{SU{2)) fails to be amenable or even weakly amenable because the 
Beurling algebras are known not to behave well with regard to cohomology. 
We believe that these connections are non-trivial and certainly worthwhile 
investigating more. For example, it is shown in [18] that A(G) is not weakly 
amenable if G is compact, connected, and non-abelain. If we assume further 
that G is a Lie group, then again amenability or weak amenability of A{G) 
relates closely to the behavior of certain Beurling algebras on a maximal 
torus of G. By investigating more this relation, we might be able to have 
a better understanding of the structure of Fourier algebras on compact Lie 
groups. 

4.4. Arens regularity. Let a > and < b < 1, and let o~' a , u;' a , and p' b 
be the weights on Z defined in Example 14.11 As it is shown in [3 Theorem 
8.11], A(T,a' a ), A(T,u)' a ), or A(T, p' b ) are Arens regular for a,b > 0. We 
will show in the following theorem that the exact analogous of these results 
holds for the corresponding weights on SU{2). 

Theorem 4.3. Let a > and < b < 1, and let a a , u a , and pb be the 
weights on SU (2) defined in Example \4-l\ Then: 

(i) A(SU(2),a a ) or A(SU(2),uj a ) is Arens regular if and only if a > 0, 

(ii) A(SU(2),pb) is Arens regular if and only ifb>0. 
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Proof. If a = b = 0, then these Beurling-Foureir algebras are A(SU(2)). 
Thus the result follows from [14J. For the converse, suppose that a > 0. 
Since SU(2) is a compact, connected, simple Lie group, it follows from 
Corollary 13. 171 that A(SU(2),a a ) is Arens regular. For the case of oj a , let 

W a = 0w a (7r)l B(Hff)) 

and let Q a be the Fourier transform of T(W a )(W~ ^T 1 ) ( see Definition 
I3.15p . For every 717, 7r r G SU(2), we have 

'' +r ' U (7Tfc) 

fe= X_ r i w a (vr z )a; a (7r r ) ^ 

where 7r; ® 7r r = ®J£^L r | ^fc * s the irreducible decomposition of tti <g) 7r r (see 
the tensor formula (j4.2j) ) . Since a!^ < d nt + d 7rr , it follows that 

Thus 

||e o (7Ti,7r r )|| < — — — + 



(l + 2/) a (l + 2r) a 
Hence it follows that 

lim limsup ||G a (7T;, 7r r ) || = lim limsup ||G a (7r;,7r r )|| = 0. 

Therefore A(G, u) a ) is Arens regular by Theorem 13.161 The proof of the 
Arens regularity of A(SU(2),pb) when b > is similar to the preceding 
case. □ 

4.5. Arens regular subalgebras of Fourier algebras. It is shown in 
[2T] that there are closed ideals in L 1 (T n ) ^ A(Z n ) (n G N) that are Arens 
regular. Since these ideals are non-unital, by [3D], they can not have bounded 
approximate identity. 

In this section, we show that we can construct unital, infinite-dimensional 
Arens regular closed subalgebras of Fourier algebras on certain products of 
SU{2). This goes parallel to the main result of [3DJ since these subalgebras 
are not ideals. In fact, they are of the form of Beurling-Fourier algebras 
on SU{2). This is a surprising and at the same time an interesting re- 
sult since classical Beurling algebras can never be a closed subalgebra of a 
group algebra unless the weight is trivial. However, the relation (j3.3[) shows 
that this can happen for Beurling-Fourier algebras on certain non-abelian 
groups. More precisely, it is shown in [32J that for a locally compact group 
G, supje^ | 7r G G} is finite if and only if G is almost abelian i.e. G has 
an abelian subgroup of finite index. Thus if G is not almost abelian, then 
Ayn(G) defined in (|3.2j) is a Beurling-Fourier algebra with growing weight 
(see also (I2.15P and (|3.3p ). We will see in the following theorem that this 
algebras can be Arens regular. 
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Theorem 4.4. Let n E N, and let G n = SU{2) x ••• x SU{2), 2 n -times. 
Then A^n(^SU(2)) is a unital, infinite- dimensional Arens regular closed sub- 
algebra of the Fourier algebra A(G n ). 

Proof. Consider the central weight 

Then, by (|2J5l) . ([33]) . and (Q, A^{SU{2)) = A(SU (2) , u 2 n) is a unital, 
infinite-dimensional closed subalgebra of A(G n ) and by Theorem 14.31 it is 
Arens regular. □ 
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